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Introduction What is Noncommutative Quantum Field Theory?

I Quantum mechanics: measurements of coordinate and
momentum are complementary

∆xi · ∆pj >  h/2 · δij

More formal: the corresponding operators don’t commute

[xi,pj] = xipj − pjxi = i hδij

I Currently no exp. evidence for complementary coordinate pairs:

∆xµ · ∆xν
?
= 0 ⇔ [xµ, xν]

?
= 0

I nevertheless
[x̂µ, x̂ν] = iθµν = i

Cµν

ΛNC
2

possible, as long as characteristic energy scale ΛNC large and
corresponding minimal area in the eµ ∧ eν-plane

aNC = l2NC = 1/Λ2
NC

small compared to the resolution of present experiments.
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Introduction Why is it interesting?

I Fundamental length scale
I xµ-continuum ⇒ lattice of eigenvalues of operators x̂µ

(lattice constant ∼ 1/ΛNC) [Snyder, Wess]
I smooth cut off of some divergent contributions E > ΛNC in quantum

gravity (cf.  h and black body radiation)
∵ internal and space-time symmetries do not commute any more
∴ richer symmetry structure

I String theory
I NCQFT is low energy limit of certain string theories

[Seiberg, Witten]
I more than 2000 citations for a single paper written in 1999 . . .

no prediction for the value of ΛNC

Why not? Schön ist, Mutter Natur, deiner Erfindung Pracht
and everything that is

I not yet excluded
I mathematically elegant and consistent, as well as
I experimentally testable in the near future,

Ist ein großer Gedanke, Ist des Schweißes der Edlen wert!
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Introduction Why is it interesting?

special (simplest) case: θµν constant 4× 4-matrix:

[x̂µ, x̂ν] = iθµν = i
1
Λ2

NC
Cµν = i

1
Λ2

NC


0 −E1 −E2 −E3

E1 0 −B3 B2

E2 B3 0 −B1

E3 −B2 B1 0


NB: “electric” and “magnetic” contributions ~E (i. e. θ0i) and ~B (i. e. θij)

play theoretically and phenomenologically very different rôles
“fundamentalistic” approach:

1. construct observables from the operators x̂µ

2. develop scattering theory on noncommutative manifolds
way to complicated . . .
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Introduction Why is it interesting?

typical collider experiment:
I accelerators prepare initial state,
I that is transformed by the interaction under study,
I a detector registers the resulting final state:

∴ experiments do not study the coordinates x̂µ directly, but functions
on them: asymptotic states and fields

∴ results of observations encoded in effective lagrangians as
products of functions:

Leff.(x) = · · ·+ g2ψ̄(x)γµ(1 − γ5)ψ
′(x)Wµ(x)

+ g3
∑
a,b,c

fabc
∂Aa

ν

∂xµ
(x)Ab,µ(x)Ac,ν(x) + · · ·
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Introduction Why is it interesting?

simpler, but equivalent realization: replace all point products of
functions of noncommuting coordinates

(f · g)(x̂) = f(x̂)g(x̂)

by Moyal-Weyl-∗-products of functions of commuting coordinates:

(f∗g)(x) = f(x)e
i
2
←−
∂µθµν

−→
∂ν
g(x) = f(x)g(x)+

i
2
θµν

∂f(x)

∂xµ

∂g(x)

∂xν
+O(θ2)

I then (xµ∗xν)(x) = xµxν + i
2θµν and in particular

[xµ
∗, xν](x) = (xµ∗xν)(x) − (xν∗xµ)(x) = iθµν

NB: higher orders in θµν required for associativity: (f∗g)∗h = f∗(g∗h)
I Nonlocal due to Moyal-phases, e. g. for “naive” NCQED

f
f

k,µ

p

p ′

= iQfeγµ → iQfeγµe
i
2 pµθµνp ′ν
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Introduction Gauge Theories & Charge Quantization

most obvious noncommutative extension of gauge theories:

ψ→ ψ ′ = eigη∗ψ = ψ+ igη∗ψ+
(ig)2

2!
η∗η∗ψ+ O(η3)

Aµ → A ′µ = eigη∗Aµe−igη∗ +
i
g

eigη∗
(
∂µe−igη∗

)
= Aµ + ig[η ∗, Aµ] + ∂µη+ ig[η ∗, ∂µη] + O(η2)

no difference of abelian and non abelian couplings:
∴ A ′µ , Aµ + ∂µη even if [η,Aµ] = 0, because [η ∗, Aµ] , 0
∴ Fµν , ∂µAν − ∂νAµ even if [Aµ,Aν] = 0, because [Aµ

∗, Aν] , 0
marquee signature:

self couplings of neutral gauge bosons γ and Z
in leading order (not suppressed by loop factors)!
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Introduction Gauge Theories & Charge Quantization

∴ form and strength of couplings among gauge bosons determined
by couplings to matter!
only one independent coupling for each non abelian gauge theory
also in noncommutative extensions of QED:

g2
M·

kµ

+g2
M·

kµ

+gMgTGC·

kµ

!
= 0 ⇒ gM = gTGC

incompatible with hypercharge quantum numbers in the
SU(3)C × SU(2)T × U(1)Y standard model:

Y(Le, eR,νe,R,Lu,d,uR,dR) = (−1, −2, 0, 1/3, 4/3, −2/3)

also: SU(N) can not be realized, only U(N) closes:

[Aµ
∗, Aν]− =

1
2
[Aa

µ
∗, Ab

ν]+[Ta, Tb]− +
1
2
[Aa

µ
∗, Ab

ν]−[Ta, Tb]+
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SW-Maps
introduce noncommutative objects as nonlinear functions of
commutative objects (and derivatives)

Âµ(x) = Âµ(Aν1(x),∂ν1Aν2(x),∂ν1∂ν2Aν3(x), . . . , θ)

η̂(x) = η̂(η(x),∂ν1η(x), . . . ,Aν1(x),∂ν1Aν2(x), . . . , θ)

ψ̂(x) = ψ̂(ψ(x),∂ν1ψ(x), . . . ,Aν1(x),∂ν1Aν2(x), . . . , θ)

realize noncommutative gauge transformations as commutative gauge
transformations:

Â→ Â ′(A, θ) = eigη̂∗Âµ(A, θ)e−igη̂∗ +
i
g

eigη̂∗
(
∂µe−igη̂∗

)
!
= Â(A ′, θ)

ψ̂→ ψ̂ ′(ψ,A, θ) = eigη̂∗ψ̂
!
= ψ̂(ψ ′,A ′, θ)

solution (not unique) as power series in θ:

Âµ(x) = Aµ(x) +
1
4
θρσ [Aσ(x),∂ρAµ(x) + Fρµ(x)]+ + O(θ2)

ψ̂(x) = ψ(x) +
1
2
θρσAσ(x)∂ρψ(x) +

i
8
θρσ [Aρ(x),Aσ(x)]−ψ(x) + O(θ2)

η̂(x) = η(x) +
1
4
θρσ [Aσ(x),∂ρη(x)]+ + O(θ2)
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SW-Maps NCSM à la Wess et al.

New interaction vertices among gauge and matter fields from
expanding Moyal-Weyl-∗-products and Seiberg-Witten-Maps

g( ¯̂ψ∗ /̂A∗ψ̂)(x) = gψ̄(x)/A(x)ψ(x) + O(θ)

e. g. at O(θ) with all momenta outgoing

= ig · i
2

[(kθ)µ/p+ (θp)µ/k− (kθp)γµ]

= ig2 · i
2

[
(θ(k1 − k2))µ1γµ2 − (θ(k1 − k2))µ2γµ1

−θµ1µ2(/k1 − /k2)

]

Ward Identity satisfied by

+ + + +

alone, TGVs not necessary (but allowed and only constrained
from matching to SM at θµν → 0)!
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Phenomenology γγ→ ff̄ @ ILC/γγ

γ(k1)γ(k2) → f(p1)f̄(p2) in the standard model (γ certainly polarized):

ASM
t = , ASM

u = .

NCSM [T. O., Reuter, PRD70]:

ANC
t,1 = , ANC

t,2 = ,

ANC
u,1 = , ANC

u,2 = .

ANC
c = , ANC

s,γ = , ANC
s,Z = .
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Phenomenology γγ→ ff̄ @ ILC/γγ

Differential cross section depends in the NCSM on the azithumal
angle φ:

SM

cos θ = 0.9
cos θ = −0.9

√
s = 800 GeV

√
s = 800 GeV

ΛNC = 1 TeV
~E = (1, 0, 0)

KZγγ = −0.25

0 2 4 6

3.5

4

4.5

5

φ

dσ
dΩ

/pb

θµν defines directions ~E and ~B =⇒ no rotational invariance!
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Phenomenology γγ→ ff̄ @ ILC/γγ

Number of events in the hemispheres φ < 0 and φ > 0 for√
s = 800 GeV

−π 6 φ < π

−π 6 φ < 0
0 6 φ < π

ILC/γγ : S = 2
√
s = 800 GeV

| cos θ| 6 0.98

ILC/γγ : S = 2
√
s = 800 GeV

ΛNC = 1 TeV
~E = (1, 0, 0)

KZγγ = −0.25
| cos θ| 6 0.98

300 400 500 600 700
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Phenomenology γγ→ ff̄ @ ILC/γγ

−π 6 φ < π

−π 6 φ < 0
0 6 φ < π

TESLA/GG : S = 0
√
s = 800 GeV

| cos θ| 6 0.98

TESLA/GG : S = 0
√
s = 800 GeV

ΛNC = 1 TeV
~E = (1, 0, 0)

KZγγ = −0.25
| cos θ| 6 0.98

300 400 500 600 700
0

10

20

30

40

50

m(ff̄)/GeV

#e
ve

nt
s/

10
00

no signal in the Higgs friendly S = 0 mode . . .
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Phenomenology PP → Zγ→ `+`−γ @ LHC

In the much nearer future: LHC [Alboteanu, T. O., Rückl, PRD74]
I

P1

P2

x1P1

x2P2

γ,Z

γ,Z

D(x1,Q2)

D(x2,Q2)

QCD

QCD

NCSM

I complications:
I no polarization
I symmetric initial state
I broad energy spectrum
I parton CMS strongly boosted
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Phenomenology PP → Zγ→ `+`−γ @ LHC

I symmetric PP initial state

qq̄

q̄q

}
→ Zγ

cuts on cos θ∗γ useless without
separation of quarks and
antiquarks

∵ 〈xq〉 > 〈xq̄〉
events with large longitudinal
momenta favor qq̄→ Zγ

I cut cos θZ > 0 ∧ cos θγ > 0?

HERA: PDF determination

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

10 -3 10 -2 10 -1 1

H1 2002 PDF Fit (prel.)
as(MZ

2) = 0.1185 fixed
data set: H1 (94/00) + BCDMS

ZEUS NLO QCD fit
as(MZ

2) = 0.1180 fixed
data set: ZEUS (96/97) + BCDMS, NMC, E665, CCFR

experimental errors only

Q2=1000 GeV2

xuv

xdv

xS(  0.05)

x

xf
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Phenomenology PP → Zγ→ `+`−γ @ LHC

I CMS of quarks and antiquarks:

q q̄

Z

e+

e−

γ

I lab system:

P Pqq̄

Z
e+

e−

γ

P Pq q̄

Z

e+

e−

γ
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Phenomenology PP → Zγ→ `+`−γ @ LHC

standard acceptance cuts and 85 GeV < m`+`− < 97 GeV,
200 GeV < m`+`−γ < 1 TeV, 0 < cos θ∗γ < 0.9,
cos θZ > 0 and cos θγ > 0 (favoring q̄q over qq̄!)

NCSM
SM LHC :

∫
L = 100 fb−1,

√
s = 14 TeVLHC :

∫
L = 100 fb−1,

√
s = 14 TeV

ΛNC = 0.3 TeV, ~E = (1, 0, 0)

(KZγγ, KZZγ) = (0.095, 0.155)

0 2 4 6
0

20

40

60

80

100

120

(simulation by WHIZARD) φ

#e
ve

nt
s
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Phenomenology PP → Zγ→ `+`−γ @ LHC

I ff̄→ γγ depends in the NCSM only on E1 and E2
[T. O., Reuter, PRD70]

I ff̄→ Zγ richer due to axial couplings
I dependence on ~E in the CMS of the quarks much stronger than on

~B (except for cos θ∗γ ≈ 0)
I Lorentz boosts along beam axis x3

E1 → γ(E1 − βB2) B1 → γ(B1 + βE2)

E2 → γ(E2 + βB1) B2 → γ(B2 − βE1)

E3 → E3 B3 → B3

with β = v/c and γ = 1/
√

1 − β2

I measurements of (E1,B2) and (E2,B1) correlated
I correlation determined by 〈β〉
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Phenomenology PP → Zγ→ `+`−γ @ LHC

likelihood fits for ΛNC = 500 GeV [Alboteanu, T. O., Rückl, PRD74]

1E
-0.4 -0.2 0 0.2 0.4

2
E

-0.4
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1E
-0.4 -0.2 0 0.2 0.4

1
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2
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1B
-0.4 -0.2 0 0.2 0.4

2
B

-0.4
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0

0.2

0.4
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I only the expected kinematical correlations of (E1,B2) and (E2,B1)

ΛNC = 1 TeV can be easily probed at the LHC
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Phenomenology PP → Zγ→ `+`−γ @ LHC

boson couplings depend on the representation of enveloping algebra:

εµ1(k1)

εµ2(k2)

εµ3(k3)

= iKγγγ · . . .

εµ1(k1)

εµ2(k2)

εµ3(k3)

= iKZγγ · . . .

K0K0

K1K2

K3

K4

K5

K6

LHC good

LHC bad

−0.1 0 0.1 0.2

−0.3

−0.2

−0.1

0

0.1

KZZγ

KZγγ

I dependence of limits on K = (KZγγ,KZZγ) at LHC:
I best bound for K4 = (0.095, 0.155): ΛNC & 1.2 TeV
I cancellations for K1 and K2: no sensible limits
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Phenomenology PP →W+W− → `ν̄`jj @ LHC

I polarized scattering cross sections contain more observables, can
be more sensitive (cf. photon collider)
old trick from the LEP2 days: angular distribution of W → ff̄ ′

decays can be used to measure W±-polarization
in the real world

I W− → `−ν̄` looses the neutrino momentum
I W± → qq̄ ′ → jj looses charge information

I Monte Carlo Simulation required [Speckner, diploma thesis 2006]
I using a noncommutative extension of the automated event

generator generator WHIZARD [Kilian, T. O., Reuter] (as above)
polarization analysis helps
similar cuts and luminosities lead to slightly less sensitive bounds

ΛNC & 1 TeV
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Phenomenology e+e− → Zγ→ `+`−γ @ ILC

I pT distribution of photons with cos θ > 0 [Alboteanu, 2007]

0 6 φ < π

SM
−π 6 φ < 0

∫
L = 500 fb−1,

√
s = 500 GeV

∫
L = 500 fb−1,

√
s = 500 GeV

ΛNC = 500 GeV, ~E = (1, 0, 0)

(KZγγ, KZZγ) = K1 = (−0.333, 0.035)

0 50 100 150 200
0

5000

104

1.5×104

2×104

(simulation by WHIZARD) p
γ
T/GeV

#e
ve

nt
s

much clearer signal at ILC compared to LHC
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Phenomenology e+e− → Zγ→ `+`−γ @ ILC

I χ2-analysis

(KZγγ,KZZγ) |~E|2 = 1, ~B = 0 ~E = 0, |~B|2 = 1

K0 ≡ (0, 0) ΛNC & 2 TeV ΛNC & 0.4 TeV

K1 ≡ (−0.333, 0.035) ΛNC & 5.9 TeV ΛNC & 0.9 TeV

K5 ≡ (0.095, 0.155) ΛNC & 2.6 TeV ΛNC & 0.25 TeV

I ILC and LHC are complementary

K0

K1K2

K3

K4

K5

K6

LHC goodILC better

LHC badILC much better
−0.1 0 0.1 0.2

−0.3

−0.2

−0.1
0

0.1

KZZγ

KZγγ
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NCSM @ O(θ2)

I Problem at LHC
I partonic CMS energy

√
ŝ distribution peaks at low energy . . .

I . . . and has long tail to high energies

there will be events with
ŝ > Λ2

NC

I pragmatical ad-hoc solution: cut

ŝ 6 ŝmax ≈ Λ2
NC

waste of the most interesting events
I can we go beyond O(θ) instead?

no fundamental obstacle: gauge equivalence equations can be
solved in higher orders

I open questions
I technically feasible?
I new ambiguities beyond the gauge boson self couplings?
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NCSM @ O(θ2) SWM & Feynman Rules

I solve gauge equivalence relations using computer algebra (FORM)
and derive Feynman rules [Alboteanu, T. O., Rückl, PRD 11/2007]

I e. g. fermionic couplings:

εµ(k)

u(p)

ū(p′)

= ig ·



i
2

[
kθµ/p(1 − 4ξ1

Ψ) + 2 kθµ/k(ξ1
A − ξ1

Ψ) − pθµ/k − (kθp)γµ

]
+

1
8

(kθp)
[
kθµ/p(1 − 16ξ2

Ψ) + 4 kθµ/k(ξ1
A − ξ2

Ψ)

−pθµ/k − (kθp)γµ
]

εµ(k1)

εν(k2)

u(p)

ū(p′)

= ig2 ·


i
2

[
k2θµγν − k1θµγν(1 − 4ξ1

Ψ) − θµν/k1

+ (µ↔ ν, k1 ↔ k2)]

+ f(θ2, p, k1, k2, ξ1
λ, ξ1

Ψ, ξ1
A , ξ2

A)

I finds more ambiguities than early work [Möller, JHEP0410]
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NCSM @ O(θ2) Ambiguities

I O(θ): ambiguities correspond to field redefinitions, e. g.

Â
(1)
0ξ → Â

(1)
0ξ − 2iξ1

A θµν Dξ(Fµν)

∴ ambiguities must cancel in the on-shell amplitude
indeed:

∝ ξ1
A

+

∝ ξ1
A

= −

∝ ξ1
A

⇒ NB:

∝ ξ1
A

not needed!

I O(θ2): e. g.

Â
(2)
0ξ → Â

(2)
0ξ + iξ2

A θµνθκλ ∂µ∂κAν(∂λAξ − ∂ξAλ)

only in ⇒εµ(k)

u(p)

ū(p ′)

required for cancellation

freedom of choice of representation of enveloping algebra
destroys cancellation of (some) ambiguities!
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NCSM @ O(θ2) Ambiguities

qq̄→ Zγ

I SWM: only special solution (ambiguities = 0)
I SWM: one homogenous solution added: ξ2

A , 0

φ

SM

NCSM(O(θ2)): ξ1,2
A = 0

NCSM(O(θ2)): ξ2
A = 50

~E = (1, 0, 0), cos θ = 0.8
√

s = 1 TeV

ΛNC = 0.5 TeV, (KZγγ, KZZγ) = (0, 0)

0 2 4 6

0

0.1

0.2

0.3

dσ
dΩ

/pb
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All-Orders θ

I Can θ-expanded theories be extendend to the region s > Λ2
NC

(cf. “transplanckian” regime of quantum gravity . . . )?
I obviously: can’t be answered with finite orders in the θ-expansions
I obstacles:

I closed all-order expressions for Seiberg-Witten-Maps are not
known (yet?)

I even if they exist, they must be non-polynomial in the fields
I observation:

∵ in each fixed order in the loop expansion of a particular scattering
amplitude, the degree of contributing vertices is bounded

∴ expand Seiberg-Witten-Maps in the number of fields
recursive solution available
[Barnich, Brandt, Grigoriev, NPB677 (2004)]

I first step:
I test tree-level-unitarity
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All-Orders θ NCQED

I NB: nothing spectacular can come from the Moyal phases for real
momenta ∣∣∣eip∧q

∣∣∣ = 1

(except for spoiling symmetries and corresponding cancellations)
I what about Seiberg-Witten-Maps?
I e. g. [Rauh, 2006, Zeiner 2007]

A
[2]
λ =

1
2
θµν [2(∂µAλ) ∗sin Aν − (∂λAµ) ∗si Aν]

−
1
4
θµνθρσ(∂λ∂µAρ)

∗sin − ∗si

∧
(∂σAν)

with
A∧ B =

θµν

2
∂µA∂νB, A ∗f B = A

f(∧)

∧
B

I Ambiguity: sine integral si can be replaced by other regular
function!
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All-Orders θ Constraints from Tree-Level-Unitarity

I amplitudes should not rise faster than corresponding QED
amplitudes for s→ ∞

I Seiberg-Witten-Maps contribute to amplitudes like

A ∝ s

pθq
sin(pθq) = s

sin(pθq)

pθq

bounded almost everywhere, i. e. for pθq , 0
diverges linearly for exceptional points, i. e. for pθq , 0!

e+e− → γγ

-1 -0.5 0 0.5 1
cos ϑ

0

1

2

3
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dσ
 / 

d 
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ϑ 

  [
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]
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All-Orders θ Constraints from Tree-Level-Unitarity

I scattering amplitude for fixed energies and angles unphysical:
always small experimental uncertainties

I smearing reduces the power of growth
performing all possible and required smearings restores
tree-level-unitarity (NB: in the example we looked at!)

e+e− → γγ

0 10 20 30 40 50

s1/2   [TeV]

0

1
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3

4

5

6

7

σ to
t   

[p
b]
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Conclusions

I NCSM can be probed at LHC, ILC and
a Photon Collider up to several TeV

I higher orders in the θ-expansions are advised for
hadron colliders and be calculated, but introduce
additional ambiguities

I all-order-θ tree amplitudes can be calculated in
simple models and appear so satisfy
tree-level-unitarity just barely
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